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Spectroscopic Studies on Ethylene Molecules

IV. Theory*

B.N. CYVIN, S. J. CYVIN, L. A. KRISTIANSEN and J. BRUNVOLL

Institute of Theoretical Chemistry, Technical University of Norway, Trondheim, Norway

(1) The G matrix, its inverse, and matrices of Coriolis coupling
for the ethylene type molecular model are tabulated. (2) Useful

gimilarity transformations are derived for {* {* (and {* {%). (3) The
squared {-sum rules are evaluated for B,, X B, (and 4, X B,,)
in ethylenes by a new method. (4) Explicit expressions are given for
the {’s of B,, X By, in ethylenes in terms of the force constants.

Detailed spectroscopic studies on the ethylene molecules have been under-
taken, >3 including the calculation of complete sets of Coriolis coupling
coefficients (¢ values) for C,H,, C,D,, and C,T,.? In the present work we have

developed some new properties of the C* and C* matrices of Meal and Polo.t
The matrices are considered in relation to the {* matrix.> Throughout we use
the ethylene-type molecular model as an example for illustration of the
theorems. The Coriolis coupling of the species By, X Bg, type is considered
in particular.

For those of the readers who are interested in the details of the application
of the theorems to ethylene-type molecules, we have listed the algebraic
forms of the matrices of importance, viz.,

Table 1: G matrix.

Table 2: The inverse G matrix.

Table 3 A—C: C* matrices for « = 2, y and z, respectively.

Table 4 A—C: The G C* products for ¢ = =z, y and 2, respectively.

Table 5 A—C: The matrices C* = G €* G for « = x, y and ¢, respec-
tively.

Notation and abbreviations used (see also Fig. 1):

R = the equilibrium X—Y distance.

D = the equilibrium X—X distance.

The equilibrium YXY angle is 24.

* This project has been supported by Norges tekniske hogskoles fond (1964).
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Table 1. Tabulation of G matrix (symmetric).

A‘ Sl St Sa
o : D\t
S, 2ux cos®* A + py —2py cos A (TE) ux sin 24
: D\
D
Sy , 7 (2ux sind + py)
B, | S, S,
D\%
Sy 2ux sin® A 4 py —2(3;) upx sin A
D
S, 7 2ulux + uy)
BI“ Sl Slo
D\t
S, 2uy sin® A + py - (E) 4 sin 24
D
Sy §(2l‘x cos® A + py)
Bﬂll Sll Slﬁ
Dy}
Sy 2ux cos® A + py (1—_3) Ux 8in 24
D
Si1s & (2ux sin* A + py)
By, S,
S, (D/2R cos? 4) (2v%ux + py)
S‘ S7
Sy(4,) (1/4 sin® A)uy
8y(B14) (D/2R cos® 4)u
ux and u, denote the inverse masses of the X and Y atoms, respectively.
r = 2ux + py.
u = (2R/D) + cos A, v= (2R/D) cos 4 + 1.
w = [(2R/D)? + (4R/D) cos A + 1]%.
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All the matrices of Tables 1—5 are based on the symmetry coordinate
set used previously.! For convenience we repeat here this coordinate set.

I(Ag) = (1/2) (ry + rg + r3- -+ 74)
2(Ag) =d
S3(4,) = (1/2) (RDY%: (B, + By + Bs + By)

8y(By) = (1/2) (ry—ry + r3—r,)
Sz(Blg) = (1/2) (RD)% (ﬂl—ﬂz + ﬁs ﬁ.:)
S1(Bgy) = (1]2) (ry—ra—rs + 14)
Sz(Bzu) = (1/2) (RD)V’ (ﬂ1“ﬂz ﬂa + ﬁ4)

S1(Bg,) = (1/2) (ry + ro—r3—1,)

Sy(Bs,) = (1/2) (RD)*% (B, + ﬂe Bs—Bs)
S(By) = 27% (BRD)*% (y;—7,)

S(4) = Ry

8(By,) = 27%(RD)%(y, 4 y.)

For definitions of the in-plane valence coordinates, see Fig. 1. The out-of-plane
coordinates y and ¢ may most easily be defined in terms of the Cartesian
displacements, viz.,

Fig. 1. The principal axes, and in-plane
valence coordinates for the ethylene-type
X,Y, molecular model.

71 = [(21 + 25)/2R cos A]—[(1/R cos A) + (1/D)Jes + (1/D)zg
ye = [(23 4+ 2,)/2R cos A] + (1/D)z5—-[(1/R cos 4) + (1/D)]Jzg
¢ = (2,—2 + 23—2,)[4Rsin 4

For general methods of constructing the matrices here considered, refer-
ence is made to Refs. 4, 6—12.

SIMILARITY TRANSFORMATIONS FOR (* 7% AND & ¢«
For the {* matrix one has the fundamental relations 4

= =L1¢ L (1)
r=LCL (2)

One has also the similarity transformation *
r* =161 L 3)

For additional similarity transformations, see Ref. 13.
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Table 2. Tabulation of G™! matrix (symmetric).

4, S, s, s,
S, syt uytcos A 0
1 . R\
S, 3 #luxiy) (‘1‘)) uy™'sin A
R

5 o
Bg S; S‘
S 2uux + py 2( B )‘ upx sin 4

s (2w ux + wyluy D/ (2wt ux + py) uy
S : E 2ﬂx sin® 4 +- My

[} D (2w ux + py) uy
B’“ S. Sl@

R\}
\ (2ux 008t 4 + uy) (i) () x (un)sin 24
R
Sm 'D(2I-‘X sin® 4 + uy) (upy)™?
Ba“ Sll Sl’
. R\t .
Su (2 sint A + pry) (upy)" () wxtu)sin24
She D(2ux cos* A + uy) (upy)™
By, S,
S, (2R cos® A|D) (2vux + puy)™
Sl S7

Sy(44) 4pylsin? A
8,(B1) (2R cos® A[D)u™

Meal and Polo ® have considered in detail the products {* %, and developed
a method for finding the characteristic roots, making use of the molecular
parameters, including atomic masses and explicit use of moments of inertia.
We want to suggest an alternative method for solving the same problem,

Acta Chem. Scand. 19 (1965) No. 4
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Table 3A. Tabulation of C* (skew-symmetrie).

By X By, S,

D\t
S, 2-*(5) (Zvux + py) tan 4

D
—27t 3 [(2uonx/oos 4) + uy]

By, X By S,
D\t
S, 2‘*(-1?) utan A
D
Sw —2'*R un
By, X 4, S,
1
811 9 by
1 ; Dy}
S1a _E(F) iy cot A

but making use of a new similarity transformation for {* ?“ Using ¢* from
(2) and?“ from the transpose of the matrix product of (1), one obtains
¢ =L CLL1C L
Hence
¢ =L C*L1=L61C* G C* L (4)
which is a similarity transformation. In consequence, {* FE“ has the same

characteristic roots as C* EJ“, where the latter product may be evaluated by
known methods. Another relation, similar to eqn. (4), reads

Fr=TCcT1=Te1Cer L (5)
For the sake of completeness we wish to list some alternative forms, viz.,
PE=LC L, FE=L1GeL
It may seem superfluous to consider both of the products C"?“ a,nd?" Lz,

In fact this is true for the complete matrix of {*, for which {* {* = {* {* = —{*¢*
because of its skew-symmetry. But we shall be interested in the relations
analogous to (4) and (5) for the small submatrices of {*, corresponding to the
off-diagonal blocks, each combining two different symmetry species. Such
submatrices are no longer skew-symmetric in general, and may even not be

Acta Chem. Scand. 19 (1965) No. 4
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Table 3B. Tabulation of €Y (skew-symmetric).

Ag X By .8,

=iy

S, A 2',*( )* (2vpx. + uv) ;

D\# :
S, _,2_*(§) vpxleos A
D
s 2Y(3) @owx + uy) tan 4
B, x 4, S,
. P
S, 9 Ky cot 4
1/ Dy}
Sm E(E) Hy
By, X By, S,
Dy}
S 24(?) "
D
S1s o} J 4 tan 4

Table 3C. Tabulation of C* (skew-symmetric).

4, X By, S , S,
. D\i
S, — jix SIn 24 (—R) (2u”x cos A + uy)
D\}
A 2 sin A _2(§) wix
D\# . D .
Sy _(Ti) (2ux sin* A + py) 2 5 upx sin 4
By, X Bgy, S1 S
D\} )
S, #x sin 24 (_R) (2ux sin? 4 + py)
D\} D .
She “(Tz) (2ux cos? 4 + py) — | #xsin 24
Ay X Byy 8,
S, 0

-Acta Chem. Scand. 19 (1965) No. 4
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square. Hence it will be important to distinguish between the relations anal-
ogous to (4) and (5). Let for instance the L and G matrix blocks from two
different symmetry species be identified by the subscripts 1 and 2, respectively,
and the corresponding block of a matrix of Coriolis coupling by 12. Then

one may insert

[Ll o] [ 0 ¢y
L= ’ Ca= ~ ’ ete.,
0 L | ~ts O

and it is found ~ o~ o~ o~
{19812 = L1€1pCp0L 2
Cmf 12 = 2612C 12Ls 1

Table 44. Tabulation of G-Cx.

(6)
(M

B,z X By, S,
Dy}
S, 2-*(§) tan 4
S, —o-t
S S,
B\ 20ux + puy
-3 ) o0& 1 FY
o 2 (D) 20 ux + iy sin 24 o oond) +
s . 1 UVUX [ COS. Uy 2
2 2v'ux + py cos® 4
By, X Byy S, S S,
Dh}
S, 2'*(7,3) tan A
S ' - —2#
s, —2-*(5)’ sin 24 2t cos 4
Bay, X 4y S S S,
1
Sin 2
1 /R\}
Sia -3 (5) cot 4
. D\t |
S, —2sin® 4 (-R-) sin 24
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E12 = G,71C,G,? (8)

It may be useful to notice that the matrices of (6) and (7) form two blocks

of the {* E“" matrix in the following way

[t O
taCa = ~
0 Il

Table 4B. Tabulation of G- C».

Ay X By, S,
Dh}
S, 2 (g)
R\%
5, ~24(3)
Ss 2%tan A
Sl S, SS
RA\} 2vpux + py
—2}(5) 2v*ux + uy cos* 4

*(1_2)% 2vux cos A

Ss D/ 2v*ux + py S0 +
o} “VMx T By .
2 pr——— sin 24
B,, X A, S, Sio S,
1
S, 3 cot A
1/ R\}
10 P (T))
D\}
S, —sin 24 _2(§) sin? 4
By, X By, S Sia S,
D\
S 2(z)
S 2% tan A
R\t )
S, —of (-D) cos? A —2% gin 24
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Similarly one has

é—-12(:12 0

0 C,C,

997

RELATIONS BETWEEN SUBMATRICES OF B,, AND B,, IN ETHYLENE-TYPE
MOLECULES

In connection with the notation of eqns. (6)—(8) we shall use the subscripts
1 and 2 for the species B, and Bs,, respectively. The corresponding blocks
of the G matrix for ethylene-type molecules (Table 1) are seen to be closely

Table 4C. Tabulation of G~ C%,

A, X By, S, 8,
D\}
S, 0 ('E)
R}
5 0 ()
R\}
S; ~('-D) 0
Sl Sz SS
s E 4ux sin A 2ux sin A D\}
8 D 2wux + py T 2wt ux 4+ py (—R)
S (_Ii‘ )* 2vpx + py (_)* 2upx 0
¢ “\D/ 2utux + py D/ 2wnx + py
B,y X By, S, S Sh S1e
Dh\}
Sy 1: . (z)
S1e -—(B) 0
D\%
S 0 (%)
Ry}
S () 0
A, X By, 8, S,
S, 0
S, 0
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connected. They may be transformed to each other by interchanging of rows
and columns, and multiplication with constant factors. In fact one has

G, = KG,K (9)

[ 0 xh _
K= ] (10)
._x% 0

Here one has introduced the notation

where

x= D|R (11)
For the inverse of G, and G, one has
G, = (u py)? Gy, G, = (1 uy)? Gy (12)

Also the submatrix C,, of the type B;, X Bj. (see Table 3C) may be expressed
in terms of G, or G,, viz. ~
C12 = _Gl K = K Gz (13)

We shall make use of the K matrix in the following section.

Table 5A. Tabulation of C* (skew-symmetric).

B,, X B, S,
_y B\ .
s, 2)() o + uy)t sin 24
R
S, _2*1—)(21;*”,: + puy) cos?d
B,, X B,, S,
R\}
s, 2‘*( T)) 4 sin 24
R
S1o —2*—5;4'1 cos® 4
B, x A, S,
S1, 2uy~! sin® A
R\} .
S1s —-(E) py~lsin 24
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Table 5B. Tabulation of Cv (skrew-symmetric).
Ag X By, Sy
R\
5 *(~) (20%x + uy) costd
S, —2*( ) (20* ux + py)™ costd
R
S, 2‘*1—)(2«;* px + py)tsin 24
B,, x 4, S,
S, py~tsin 24
R\
Sho 2(5) py~tsin?d
BS“ X Bl“ S7
g 24 EY i costa
11 D I
S D”-l sin 24
Table 5C. Tabulation of C* (skew-symmetric).
A, X By, Sy S
s 2upgsin 4 (E)i 2ux sin?4 X py
! (2w px + py)uy D/ (2w* px + py) py
S § _ dupxsind 2(5 3 2ux sin? 4 + py
2 T D (2uwtpx + pyley D/ (2w? px + pyluy
P I_Z) 20 ux + py R 2uux sin
s D (2u® px + uy) py T D (2w ux + uyuy
B2u X Bsu Sll Sll
. R\}
S, —ux(ppy)™ sin 24 (5) (2ux cos? 4 + py) (upy)™
R\} 3 R .
S —(j)) (2ux sin® 4 + py) (upy)™ DHx(puuy) ™ sin 24
A, X By, S,
S, 0
Acta Chem. Scand. 19 (1965) No. 4 15



1000 B.N.CYVIN ET AL.

SUMS OF SQUARED { WITH SPECIAL REFERENCE TO THE B,, x B,, TYPE
IN ETHYLENES

The similarity transformation (3) has been used for evaluating the sums
of squared {’s for several molecular models.}4"17 Hereby the method of equating
the characteristic roots was followed according to ¢

[G1C*—e¢ E|=|*—0 E[=0

In the presently considered case of the B;, X Bs. type in ethylenes, one
obtains by the same method

(CQ,II‘ 2 + (Cll),ll')2 + (C9712')2 + (C10’121)2 =2

The method fails to give the complete information on the existing squared
{-sum rules. One has namely

(4'»,11')2 + (4'10,11”)2 =1, (lezz ® + (510,122)2 =1
These relations, along with
¢n,11‘ Co~12’ + Clo,ux 4'10,12’r =0

have been derived by Meal and Polo ® and given in the form
C , z 4- , z C , z c , 2 1 0
o1 10 11'] I: 9,11 ) 9,12 ‘] _ [ ] (14)
Cos12 C10512 10,11 10,12 0 1
In the derivation of these relations Meal and Polo ® made explicit use of the

characteristic roots of {* {* (see above). We wish to point out an alternative
derivation, where the same result is obtained very simply by matrix multi-
plication.

It is found from the submatrices tabulated here

~

€= Gz_lazﬁflcm =E (15)

This result is obtained most easily by means of the submatrices of G-C*
from Table 4C, using ~
€15Cip = —(G71C)5,(G7C)y

The relation may even be derived without explicit use of the tabulated matrix
elements, only by means of the K matrix of the preceding section. By combining
eqn. (13) with (15) one obtains

%lzclz e —Eﬁ = E (16)
From eqns. (7) and (16) it follows
?12512 =E (17)

which is equivalent to eqn. (14). The fact that {,, in the present case is a two-
dimensional orthogonal matrix implies the relations

]Cmnzl = 1510,12‘| s [59,12‘1 = 1C10,11'| (18)

Acta Chem. Scand. 19 (1965) No. 4
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Meal and Polo ® have also derived eqn. (17) for the case where 1 and 2
indicate the species 4, and B,,, respectively. The same result was obtained
by us using matrix multiplication with the here tabulated submatrices.

EXPLICIT EXPRESSIONS FOR THE B,, X B, TYPE }'s IN ETHYLENES

By the above arguments all the By, X Bs, type {’s in an ethylene-type
molecule may be expressed in terms of one quantity, say

= !cs,uxl = lclﬂylle (19)
lca,lzzl = |C10,11’l = (1"‘:2) % (20)

Then

When the relation 4
|F C*—9yE| = |A*—yE| =0

is utilized, it is possible to express all the presently considered values of {
explicitly by means of the force constants. The following equation has been
derived for the quantity of { in the sense of eqn. (19).

(197‘110)(311—112)52 = .
F(Bau)[po?F (Bsu) + (D/R)u2Fy(Bs) + 2(D[R)* psuF15(Bsu)]
+ Fo(Bu)(D|R)u2F (Bsu) + (D[R)ps?Fo(Bsu)
-+ 2‘(D/R) It ' 19(Bsu)]
— 2F 15(Bou)[(D|R)Apuou,F 1(Bsu) + (D|R)hpugu Fo(Bsy)
+ (D[R) (et + 152)F 19(Bsu)]

—Aghye—A10411 21)
Here

Be = 2ux cos® A + py, u, = 2px sin® A + py, gy = px sin 24

This expression for { may be used for the study of mass influence on the
Coriolis coupling coefficients of By, X Bs, in ethylene-type molecules.!®
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